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Abstract: We derive the universal terms of entanglement entropy for 6d CFTs by ap-
plying the holographic and the field theoretical approaches, respectively. Our formulas are
conformal invariant and agree with the results of [37, 38]. Remarkably, we find that the
holographic and the field theoretical results match exactly for the C2 and Ck2 terms, where
C and k denote the Weyl tensor and the extrinsic curvature, respectively. As for the k4
terms, we meet the splitting problem of the conical metrics. The splitting problem in the
bulk can be fixed by equations of motion. As for the splitting on the boundary, we assume
the general forms and find that there indeed exists suitable splitting which can make the
holographic and the field theoretical k4 terms match. Since we have much more equations
than the free parameters, the match for k4 terms is non-trivial.
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1 Introduction
Entanglement entropy (EE) plays an important rule in the fields of gravity [1] and quantum
many-body physics [2, 3]. It is non-local and provides a useful tool to probe the quantum
correlations. EE can be calculated by applying the holographic method [4, 5] and the
perturbative approach [6]. The holographic entanglement entropy is a rapidly developing
field. Recently, the Ryu-Takayanagi conjecture [4, 5] has been proved by Lewkowycz and
Maldacena [7]. See also [8, 9] for some early tries. Later, the approach of [7] is generalized

















See also [14–19] for the study of holographic entanglement entropy and the differential
entropy of a holographic hole [20–23]. Other interesting developments include the cor-
respondence between bulk locality and quantum error correction [24, 25], the quantum
Bousso bound [26, 27], the RG flow of entanglement entropy [28, 29], quantum entangle-
ment of local operators [30], the relation between quantum dimension and entanglement
entropy [31] and the holographic three point functions of stress tensor [32].
In this paper, we focus on the universal terms of EE. As we know, the leading term
of EE obeys the area law. However, in spacetime dimensions higher than two, it depends
on the cutoff of the system. In contrast to the leading term, the logarithmic term of EE in
even spacetime dimensions is universal and thus is of great interest. The logarithmic term













where l and L are the length of the subsystem and total system, respectively. δ denotes
the cutoff and c is the central charge of the CFT.
In 4-dimensional space-time, the logarithmic term of EE is proposed by [35]














where Cijkl is the Weyl tensor, k is the extrinsic curvature and RΣ is the intrinsic Ricci
scalar, a and c are the central charges of 4d CFTs. Eq. (1.2) is firstly derived by using
the holographic entanglement entropy (HEE) of Einstein gravity [35]. Later, by applying
Dong’s formula [10, 36] prove that the general higher curvature gravity yields the same
results.
So far, not much is known about the logarithmic term of EE for 6d CFTs except [37, 38].
In [37], Hung, Myers and Smolkin (HMS) obtain the logarithmic term of EE for 6d CFTs
in case of zero extrinsic curvatures. Because the condition kaij = 0 breaks the conformal





3 in flat space, where Bi are the central charges of 6d CFTs. Since the ‘flat-
space condition’ is imposed, the results of [38] are not conformal invariant either. Now let
us briefly review their works.
HMS derive the universal terms of EE for CFTs as the ‘entropy’ of its Weyl
anomaly [37, 39]. Take the Weyl anomaly as a gravitational action and then calculate
the ‘entropy’ of this ‘action’. It turns out that this ‘entropy’ equals to the logarithmic term
of EE for CFTs. In six dimensions, the trace anomaly takes the following form
〈T ii 〉 =
3∑
n=1
Bn In + 2AE6, (1.3)
where E6 is the Euler density and Ii are conformal invariants defined by
I1 = CkijlC































For entangling surfaces with the rotational symmetry, only Wald entropy contributes to




















ε˜ij ε˜kl = 3
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ε˜ij ε˜kl = 3
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Cijkl Cijkl . (1.8)
For entangling surfaces without the rotational symmetry, the anomaly-like entropy from
CijklC
ijkl should be added to the entropy eq. (1.5). This contribution is used in [12] to
resolve the HMS puzzle [37]. See [40, 41] for an alternative try, which suggests to use the
entropy from total derivative terms to explain the HMS mismatch. However, it is found that
the entropy of covariant total derivative terms vanishes [42] by applying the Lewkowycz-
Maldacena regularization [7]. What is worse, [13] proves that proposal of [40, 41] fails in
solving the HMS puzzle [13] even if the entropy of total derivative terms was non-zero.



















Here J = T1 − 2T2 and Ti are given by
T1 = (trk¯
2)2, T2 = trk¯
4, T3 = (∇ak)2 − 25
16
k4 + 11k2trk2 − 6(trk2)2 − 16ktrk3 + 12trk4,
(1.10)
where k¯ denotes the traceless part of the extrinsic curvature. For simplicity, [38] focus
on flat space and set the extrinsic curvature in the time-like direction to be zero. Since
the ‘flat-space condition’ breaks the conformal invariance, the results of [38] (T3) are not
conformal invariant either.
In this paper, we investigate the most general cases. By applying the holographic and
the field theoretical methods respectively, we derive the universal terms of EE for 6d CFTs.
Our formulas are conformal invariant and reduce to those of [37, 38] when imposing the
conditions they use. Remarkably, we find that the holographic and the field theoretical

















and the extrinsic curvature, respectively. As for the k4 terms, we have to deal with the
splitting problem of the conical metrics. The splitting problem appears because one can
not distinguish r2 and r2n (n → 1) in the expansions of the conical metrics. We can fix the
splitting problem in the bulk by applying equations of motion. As for the splitting problem
on the boundary, we assume the general expressions and find that there does exist suitable
splittings which can make the holographic and the field theoretical k4 terms match.
It should be mentioned that the splitting problem does not affect the logarithmic term
of EE for 4d CFTs. That is because only the O(K0) and O(K2) terms (K denote the
extrinsic curvature in the bulk) of the entropy contribute to the logarithmic term of EE for
4d CFTs [36], however these terms are irrelevant to the splitting problem [12]. As for the
6d logarithmic terms, we need to calculate the O(K4) terms of the entropy, which come
from cubic curvature terms in the action. It turns out that the only cubic curvature term
irrelevant to the splittings is the Lovelock term. However, the central charges of CFTs dual





3 . Thus, to study the most general case in 6-dimensional space-time, we
have to deal with the splitting problem.
An overview of this paper is as follows: we begin with a brief review of the holographic
entanglement entropy and the discussions of the splitting problem for the conical metrics
in section 2. In section 3, we take the general higher curvature gravity as an example to
illustrate the holographic approach for the derivations of the universal terms of EE. In
section 4, we derive the universal terms of EE for 6d CFTs by applying the holographic
method. We firstly derive the results from a smart-constructed action and then prove that
the general action produces the same results. In section 5, we use the field theoretical
method to calculate the universal terms of EE for 6d CFTs. We compare the field theoret-
ical results with the holographic ones and get good agreements. We conclude with a brief
discussion of our results in section 6.
Notations: Xµ, Gˆµν and Rˆµνρσ are the coordinates, the metric and the curvature in the
(d+ 1)-dimensional bulk, respectively. Similarly, xi, gij and Rijkl denote the coordinates,
the metric and the curvature on the d-dimensional boundary. The entangling surface
(extrinsic curvatures) in the bulk and on the boundary are labeled by m and Σ (K and k),
respectively. hαβ and
(0)
h iˆjˆ are the induced metrics on m and Σ, respectively. Notice that
m is a (d− 1)-dimensional manifold while Σ is a (d− 2)-dimensional manifold.
2 Holographic entanglement entropy
2.1 Holographic entanglement entropy
In this section, we briefly review the derivations of holographic entanglement entropy (HEE)
for the general higher curvature gravity [10]. The basic idea is to apply the replica trick
and extend it to the bulk. Let us start with the Renyi entropy
Sn = − 1
n− 1 log tr[ρ
n] = − 1






















where ρ is the reduced density matrix associated with the subsystem and Zn is the partition
function of the field theory on a suitable manifold Mn known as the n-fold cover. For
theories with a holographic dual we can build a suitable bulk solution Bn whose boundary
is Mn. Then the gauge-gravity duality identifies the field theory partition function on Mn
with the on-shell bulk action on Bn
Zn = Z[Mn] = e
−I[Bn]. (2.3)
We can derive the HEE by taking the limit n → 1 of Renyi entropy
SHEE = lim
n→1
Sn = −∂n(log Tr[ρn])|n→1 = −Tr[ρ log ρ]
= −∂n(logZn − n logZ1)|n→1 = ∂n(I[Bn]− nI[B1])|n→1
= −∂ǫIreg|ǫ→0, (2.4)
where Ireg = (nI[B1]− I[Bn]) is the regularized action and ǫ = 1− 1n . To derive Ireg, one
need to regularize the conical metric appropriately.
The regularized conical metric in a coordinate system adapted to a neighborhood of
the conical singularity is given by [10]:
ds2 = e2A
[
dzdz¯ + e2AT (z¯dz − zdz¯)2]+ (hij + 2Kaijxa +Qabijxaxb) dyidyj
+2ie2AUi (z¯dz − zdz¯) dyi + · · · . (2.5)
Here xa ∈ {z, z¯} denotes orthogonal directions to the conical singularity, and yi denotes
parallel directions. The regularized warp factor is
A = − ǫ
2
log(zz¯ + b2) , (2.6)
Using the replica trick, one can derive the entropy as eq. (2.4)
SHEE = −∂ǫIreg|ǫ→0 (2.7)
where Ireg is the gravitational action got from the regularized metric (2.5). There are two
kinds of terms relevant to the entropy. The first kind is
Rˆzz¯zz¯ = e
2A∂z∂z¯A+ . . .∫
dzdz¯∂z∂z¯A = −πǫ. (2.8)
It contributes to Wald entropy. The second kind is


































































[10] proposes to regularize Qzz¯ij as e
2AQzz¯ij . However, as we find in section 4.2, this
ansatz yields inconsistent results for the universal terms of EE for 6d CFTs [12], i.e.,
two gravitational actions with the same holographic Weyl anomaly give different universal
terms of EE. To resolve this inconsistency, we proposes the following regularizations
T = e−2AT0 + T1,
Q zz¯ij = Q0 zz¯ij + e
2AQ1 zz¯ij (2.12)
How to splitM intoM0 andM1 (M denotes T and Q) is the so-called the splitting problem.
It appears because one cannot distinguish r2 and r2n in the expansions of the conical metric.
It is expected that the splitting problem can be fixed by using equations of motion. As we
shall show in the next sub-section, this is indeed the case at least for Einstein gravity.
2.2 The splitting problem
Let us investigate the splitting problem in this section. As we have mentioned in the
above sub-section, the splittings of the conical metrics cannot be avoided in order to derive
consistent results for the universal terms of EE. Actually, the splitting problems appear
naturally since we can not distinguish r2 and r2n in the expansions of conical metrics. That
is because r2 and r2n become the same order in the limit n → 1 when we calculate HEE.
According to [10, 43], the general regularized conical metric takes the form
ds2 = e2A[dzdz¯ + T (z¯dz − zdz¯)2] + 2iVi(z¯dz − zdz¯)dyi
+(hij +Qij)dy
idyj , (2.13)
where hij is the metric on the transverse space and is independent of z, z¯. A = − ǫ2 lg(zz¯+b2)






































Here z, z¯ are denoted by xa and Pa1...an is the number of pairs of z, z¯ appearing in a1 . . . an.
For example, we have Pzzz¯ = Pzz¯z = Pz¯zz = 1, Pzz¯zz¯ = 2 and Pzz...z = 0. Expanding
T, V,Q to the first few terms in the notations of [10], we have
T = T0 + e
2AT1 +O(x),




axb + 2e2AQ1 zz¯ij zz¯ +O(x
3) (2.15)
How to split W (W denote T, V,Q) into {W0,W1, . . . ,WP+1} is an important problem.
It should be mentioned that the splitting problem is ignored in the initial works of Dong
and Camps [10, 43]. However they both change their mind and realize the splitting is
necessary later.1 Recently Camps et al. generalize the conical metrics to the case without
Zn symmetry, where the splitting problem appears naturally [44]. Our metric eq. (2.13) can
be regarded as a special case of [44] with Zn symmetry. Inspired by [7], it is expected that
the splitting problem can be fixed by equations of motion. Let us take Einstein gravity in
vacuum as an example. We denote the equations of motion by Eµν = Rˆµν − Rˆ−2Λ2 Gˆµν = 0.
Focus on terms which are important near xa = 0, we have
Rˆab = 2K(a∇b)A− GˆabKc∇cA+ e2A[(12T1 + 4U2)Gˆab −Q i1 abi ]
+KaijK
ij





Rˆij = rij + 8UiUj −Q a1 aij + e−2A[2KaimKamj −KaKaij + 16U0 (iU1 j) −Q a0 aij ],
Rˆ = r+16U2+24T1−2Q a i1 a i+e−2A(3KaijKaij−KaKa+24T0−2Q a i0 a i+32U0U1),
where A = − ǫ2 log zz¯, εzz¯ = i2 and gzz¯ = 12 . Let us firstly consider the leading term of Ezz,
we get
Ezz = 2Kz∇z + . . . = −ǫKz
z
+ . . . = 0. (2.17)
Requiring the above equation to be regular near the cone, we obtain the minimal surface
condition Kz = Kz¯ = 0 [7]. To derive T0 and Q0, we need consider the sub-leading terms
of Ezz¯, Eij and E
µ
µ . We have
Ezz¯ = e
2A(. . .) + [Q i0 zz¯i − 2KzijK ijz¯ +KzKz¯ − 4U0U1] = 0,









aij −KaKa + 24T0 − 2Q a i0 a i + 32U0U1)
]
= 0,




aij −KaKa + 24T0 − 2Q a i0 a i + 32U0U1] = 0. (2.18)
Here (. . .) denote the leading terms which can be used to determine T1, U1i, Q1zz¯ij and hij .
































+ 4U0 (iU1 j) (2.19)
As we shall show below, a natural choice would be U0 i = 0. It should be mentioned
that eq. (2.19) are also solutions to the general higher derivative gravity if we require
that the higher derivative gravity has an AdS solution. In the next section, we shall use
eq. (2.19) to derive the universal terms of EE for 6d CFTs. Actually, we only need a





aij − x KaKa) +O(ρ2), (2.20)
Q0zz¯ij = KzimK
m
zj − y KzKz¯ij − z gijKzKz¯ + c.c+O(ρ) (2.21)
with x, y, z are some constants which are not important. Here ρ is defined in the
Fefferman-Graham expansion eq. (3.1) and ρ → 0 corresponds to the boundary. Actually,
as we shall show in section3.2, eq. (2.20) is the necessary condition that all the higher
derivative gravity in the bulk gives consistent results of the universal terms of EE.
To end this section, let us make some comments. In addition to the equations of
motion, there are several other constraints which may help to fix the splitting. Let us
discuss them one by one below.
1. The entropy reduces to Wald entropy in stationary spacetime.
Let us take ∇µRˆνρσα∇µRˆνρσα as an example. In stationary spacetime, we have












2+mixed terms of T0, Q0, U0).
(2.22)
To be consistent with Wald entropy, we must have T0 = U0 i = Q0zz¯ij = 0 in
stationary spacetime. This implies that T0, U0 i and Q0zz¯ij should be either zero
or functions of the extrinsic curvatures. This is indeed the case for the splitting
eqs. (2.19). By dimensional analysis, we note that U0 i ∼ O(K). However, it is
impossible to express U0 i in terms of the extrinsic curvature Kaij . Thus, a natural
choice would be U0 i = 0.
2. The entropy of conformal invariant action is also conformal invariant.
In the bulk, we can use gravitational equations of motion to fix the splittings of conical
metrics. However, we do not have dynamic gravitational fields on the boundary. Then
how can we determine the splittings on the boundary? For the cases with gravity
duals, in principle, we can derive the conical metric on the boundary from the one
in the bulk. As for the general cases, we do not know how to fix the splittings. If
we focus on the case of CFTs, the conformal symmetry can help. As we know, the
universal terms of EE for CFTs are conformal invariant. Recall that we can derive
the universal terms of EE as the entropy of the Weyl anomaly [35, 37, 39]. Thus, the

















Let us call this condition as the ‘conformal constraint’ . Expanding the Weyl tensor
in powers of e2A, we have
Czz¯zz¯ = e
4AC1 zz¯zz¯ + e
2AC0 zz¯zz¯
Cziz¯j = e
2AC1 ziz¯j + C0 ziz¯j ,
Cikjl = C1 ikjl + e
−2AC0 ikjl (2.23)
The ‘conformal constraint’ requires that both C1 and C0 are conformal invariant.




Q0 zz¯ij = (x1KzimK
m
z¯ j + x2 gijKzmnK
mn
z¯ + y1KzKz¯ij + y2 gijKzKz¯) + c.c.(2.25)
By using the ‘conformal constraint’, we get
x1 = 1− 2y1, x2 = 1
4
− 6z1 − y1
3
, y2 = − 1
16
− 6z2 − y1
24
. (2.26)
Thus the ‘conformal constraint’ cannot fix the splittings on the boundary completely.
3. The splittings should yield the correct universal terms of EE for CFTs.
Another natural constraint for the splittings on the boundary is that it should give
the correct universal term of EE for CFTs. By ‘correct’, we mean it agrees with
holographic results. Remarkably, the splitting problem does not affect the universal
terms of EE for 4d CFTs . From the viewpoint of CFTs, we can derive the universal
terms of EE as the entropy of the Weyl anomaly. In 4d spacetime, the Weyl anomaly
are curvature-squared terms whose entropy can not include T0 and Q0 by using
Dong’s formula [10]. From the viewpoint of holography, the situation is similar. For
the general higher derivative gravity S(g,R), it has been proved that T0 and Q0 does
not contribute to the logarithmic terms of EE [36]. As for the 6d CFTs, the splitting
problems do matter. To be consistent with the holographic results, in section 4, we
shall derive the splittings eq. (2.24) with
x1 = 1, x2 =
1
4
− 6z1, y1 = 0, y2 = − 1
16
− 6z2. (2.27)
This constraint is better than the ‘conformal constraint’ but still could not fix the
splittings completely. It seems that we have some freedom to split the conical metrics
on the boundary and this freedom does not affect the universal terms of EE.
4. The splittings does not affect the entropy of Lovelock gravity and topological invari-
ants.
Lovelock gravity is special in several aspects. In particular, it becomes topological
invariant in critical dimensions. Thus the entropy of Lovelock gravity must be also
topological invariant in critical dimensions. This strong constrains the possible form

















formula [45]. In general, we would get different entropy from the conical metrics
with different splittings. Thus, we must check if the splittings affect the entropy of
Lovelock gravity. It is clear that the splittings does not affect the Wald entropy.
Thus, we focus on the anomaly-like entropy KzijKz¯kl
∂2L
∂Rˆzizj∂Rˆz¯kz¯l
[10]. Note that T0
and Q0 only appear in the curvatures Rˆzz¯zz¯ and Rˆziz¯j but not Rˆijkl. While only Rˆijkl
can appear in ∂
2L
∂Rˆzizj∂Rˆz¯kz¯l
for Lovelock gravity. Thus the splittings indeed do not
affect the entropy of Lovelock gravity.
3 The universal terms of EE
3.1 Approach based on PBH transformation
In this subsection, we introduce an elegant approach [46], which rests on the so-called
Penrose-Brown-Henneaux (PBH) transformations, for the derivations of the universal terms
of EE for CFTs. Taking advantage of the bulk diffeomorphisms and the reparametrization
of the world volume (entropy functional), [46] finds that one do not need to solve equations
of motion and the extremal entropy surface in order to derive the universal terms of EE
for 4d CFTs. As we shall show in section 4, this is also the case for 6d CFTs. Notice that
making no use of equations of motion does not mean the approach of [46] is off-shell. Actu-
ally, [46] indeed use some on-shell conditions, which can be derived by applying either PBH
transformations or equations of motion. Below we give a brief review of the general method.
3.1.1 Fefferman-Graham expansion













g ij + ρ
(1)






γ ij log ρ) + . . .. Interestingly,
(1)













can be determined completely by PBH transformation [47, 48]. Of course, one can also
derive eq. (3.2) by using equations of motion [49, 50]. The key point is that all higher
derivative gravity theories give the same
(1)
g ij eq. (3.2), due to the symmetry near the AdS
boundary [47]. Unlike
(1)




g ij . . . are constrained by equations
of motion. We have
(2)
g ij = k1CmnklC
mnkl
(0)




















































where we have ignored (0) in the above equation and k1, k2 depend on the action, or equiv-




(5λ1 + 14λ2), k2 =
3
4
(λ1 − 4λ2) (3.4)
for the action eq. (4.1).
Using the universal identity eq. (3.2), we can derive some useful formulas [36]















where R˜ eq. (3.23) is the difference between the curvature and a background-curvature.















It should be stressed that the above results are on-shell, since we have used the on-shell
condition eq. (3.2).
3.1.2 Schwimmer-Theisen approach
Denote the transverse space of the cones by m. The embedding of the (d− 1)-dimensional
submanifold m into (d + 1)-dimensional bulk is described by Xµ = Xµ(σα), where Xµ =
{xi, ρ} are bulk coordinates and σα = {yiˆ, τ} are coordinates on m. We choose a gauge
τ = ρ, hτ iˆ = 0, (3.8)







Xi(yjˆ)τ2 + . . . (3.9)
Diffeomorphism preserving the Fefferman-Graham gauge (3.1) and above gauge (3.8)
uniquely fixes a transformation rule of the embedding functions Xµ(yiˆ, τ) [46]. From this
transformation rule, we can identity
(1)
Xi(yjˆ) with the extrinsic curvature of the entangling
























g ij eq. (3.2),
(1)
Xi is fixed by the symmetry and thus is universal [46]. Of
course, one can also get eq. (3.10) by calculating the extremum of the entropy functional.2
Actually, as we shall show below, eq. (3.10) is the perturbative counterpart of the extremal-




Xi with n ≥ 2 are non-universal and depend
on the gravitational theories. Fortunately, we do not need
(n)
Xi with n ≥ 2 for the derivations
of the universal terms of EE in six-dimensional space-time.









































































+ . . .
)
(3.14)













+ . . . (3.15)
One can check that all the other components of Kµαβ are higher order terms irrelevant to
the logarithmic terms. Notice that the leading term of Ki
iˆjˆ
eq. (3.15) is traceless, which
means eq. (3.10) yields the extremal-area-surface condition Ki = 0 perturbatively.




+ . . . , Ka ∼ ρ3/2, KaijKaij = ρk¯aij k¯aij + . . . (3.16)
where k¯aij denotes the traceless part of the extrinsic curvature.
To derive the universal logarithmic terms of EE, we need to select the 1ρ terms in the
integrand of the entropy functional. From eqs. (3.14), (3.16), it is easy to find that only












h(trK2)2, for d = 6 (3.18)







h trk¯2 + . . . for d = 4. (3.19)






























h tr(k¯2)2 + . . . for d = 6. (3.21)
Notice that we have used the universal identity eq. (3.10) in the above equations. Since
eq. (3.10) is the perturbative counterpart of the extremal-area-surface condition, therefore
eqs. (3.19), (3.20), (3.21) are on-shell.
3.2 Example: higher curvature gravity
Now we take the general higher curvature gravity to illustrate how to derive the universal
terms of EE in the approach of [46]. For simplicity, we focus on 4d CFTs in this subsection
and leave the study of 6d CFTs to the next section.
We use the ‘background field approach’ introduced in [36]. This method together
with [46, 47] are very useful tools to derive the holographic Weyl anomaly and universal
terms of EE [36]. Firstly, we define a ‘background-curvature’ (we set the AdS radius l = 1)
R¯µνσρ = GˆµρGˆνσ − GˆµσGˆνρ (3.22)
and denote the difference between the curvature and the ‘background-curvature’ by
R˜µνσρ = Rˆµνσρ − R¯µνσρ. (3.23)





























where f0 = f(R¯µνσρ) = f(Rˆµνσρ)|AdS is the Lagrangian for pure AdS, c(n)i are some con-
stants determined by the action. We require that the higher derivative gravity has an
asymptotic AdS solution. This would impose a condition c
(1)
1 = −f0/2d [36]. Using this











(Rˆ+d2−d)+(c(2)1 R˜µνσρR˜µνσρ+c(2)2 R˜µνR˜µν+c(2)3 R˜2)+O(R˜3)
]
(3.25)
Now we focus on the case of d = 4. Applying the entropy formula (2.10), we can derive






























where a, b ∈ {z, z¯} denotes orthogonal directions to the bulk entangling surface m. From
eqs. (3.1), (3.5), (3.16), it is not difficult to find that R˜ ∼ R˜aa ∼ O(K4, R˜2, R˜K2) ∼ O(ρ2)

















we can ignore the splitting problem, since it only affects the entropy at order O(K4). Recall









































































h kˆlˆCiˆkˆjˆ lˆ − trk¯2 −RΣ
)
+ . . .
)
(3.30)
where RΣ is the intrinsic curvature scalar on the boundary entangling surface Σ and we














h kˆlˆCiˆkˆjˆ lˆ − trk¯2 −RΣ. (3.31)
Substituting eqs. (3.27)–(3.30) into eq. (3.26), we can derive the universal logarithmic

















































where a and c are the central charges of 4d CFTs given by [36]
a = − f0π
64G








Now we finish the derivations of the universal terms of EE for 4d CFTs dual to the
general higher curvature gravity. Let us make some comments. Firstly, we have used the
universal relations for
(1)
g ij eq. (3.2) and
(1)
Xi eq. (3.10) in the above calculations. It seems
that eq. (3.2) and eq. (3.10) are off-shell, since they are obtained by making no use of
equations of motion [46]. However, this is not the case. Actually eqs. (3.2), (3.10) can also
be derived from equations of motion and the extremal entropy condition (see appendix. A),
therefore the approach of [46] is indeed on-shell. Secondly, expanding the action around the
background-curvature eq. (3.22) are quite useful for the derivations of universal terms of EE.
At the leading order one can always directly replace R˜ijkl (K
i




ρ k¯ ia j), which











h tr(Ck¯2) for d = 6. Thirdly, the splitting problem
does not matter for the universal terms of EE in four dimensions. However, it does matter


















In this section, we derive the universal logarithmic terms of EE for 6d CFTs by using the
holographic method introduced in section 3. We firstly derive the results from a smart-
constructed bulk action and then prove that the general action produces the same results.
4.1 Logarithmic terms of EE from a smart-constructed action
For the curvature-squared gravity and Lovelock gravity, the splitting problem does not





3 . To cover the general CFTs, we must consider at least one cubic
curvature term. Below we construct two special cubic curvature terms M1 and M2, which
are designed to correspond to the conformal invariants I1 and I2 eq. (1.4) on the boundary,
respectively. We use these smart-constructed cubic curvature terms to derive universal
terms of EE for 6d CFTs. It turns out that they help quite a lot to simplify the calculations.





−Gˆ(Rˆ+ 30 + λ1M1 + λ2M2) (4.1)
where we have set the AdS radius l = 1 and M1,M2 are constructed as
M1 = R˜µνρσR˜
µαβσR˜ναβ







Recall that R˜ are defined by
R˜µνρσ = Rˆµνρσ + (GˆµρGˆνσ − GˆµσGˆνρ),
R˜µν = Rˆµν + 6Gˆµν ,
R˜ = Rˆ+ 42. (4.3)
It should be mentioned that Mi (i = 1, 2) can be regarded as the bulk counterparts to the
conformal invariants Ii eq. (1.4). They only contribute to the holographic Weyl anomaly
with respect to Ii (i = 1, 2). According to [36], the holographic Weyl anomaly for the above
action is
〈T ii 〉 =
3∑
n=1
Bn In + 2AE6, (4.4)
with the central charges given by
A = π3,
B1 = − 1
16
+ λ1,





































where Fn are conformal invariants need to be determined and E4 is the Euler density.
From eqs. (4.1), (4.5), it is clear that we can use HEE of M1 and M2 to derive F1 and F2,
respectively. Knowing F1 and F2, one can use HEE of Einstein gravity to obtain F3.
4.1.1 F1 and F2
Now let us start to derive the universal terms of EE by applying the approach introduced







































where ǫˆµν and ǫ˜ij are the two-dimensional volume form in the space transverse to the
entangling surfaces in the bulk and on the boundary, respectively.
Let us firstly discuss the logarithmic terms from the Wald entropy of the action















































































where SE is the universal terms of EE for Einstein gravity. We leave the derivation of
SE to the next subsection. Let us discuss the above calculations briefly. The R
3 terms
in action eq. (4.1) gives two kinds of contributions. The first kind of contributions come
from their Wald entropy, such as the C2 terms in the second and third lines of eq. (4.11).
The second kind of contributions are due to their non-trivial corrections of
(2)
g ij eq. (3.3)
and
(2)
Xi eq. (3.9) in
√
h. The k1, k2 terms in the third and fourth lines of eq. (4.11) come
from corrections of
(2)
g ij . Note that
√
h contains only the linear term of
(2)
Xi in the relevant
order 1ρ . According to equations of motion
δSHEE
δXi



















on-shell (at least for Einstein gravity). As we shall show in the next subsection, this is
indeed the case.
From eqs. (4.5), (4.6), (4.11), we can read out Wald-entropy-part of F1 and F2 as
FW1 = 3
(



















which match the field theoretical results eqs. (1.6), (1.7) exactly.
Now let us go on to discuss the anomaly-like entropy for the action eq. (4.1). According
to eqs. (4.8), (4.9), we only need to keep trK4 and (trK2)2 among the K4 terms. In other
words, we can drop all terms including K mam . This helps a lot to simplify calculations.
Note also that, as we have shown in section 2, Q0abij ∼ O(K2), T0 ∼ O(K2).
For M1 = R˜µνρσR˜
µαβσR˜ναβ









imjn − 12πKzijKz¯mn(K ina Kajm −Kija Kamn)
−96πKzilK lz¯jR˜ ijzz¯ + 48πKzilK lz¯j(KzjkK kz¯i −KzikK kz¯j )
+96πKzijK
ij











imjn − 12πk¯zij k¯z¯mn(k¯ina k¯ajm − k¯ija k¯amn)
−96πk¯zilk¯ lz¯jC ijzz¯ + 48πk¯zilk¯ lz¯j(k¯zjkk¯ kz¯i − k¯zikk¯ kz¯j )
+96πk¯zij k¯
ij





+ . . . (4.15)
where kaij is the extrinsic curvature on the entangling surface Σ and k¯aij is the traceless
part of kaij . We have used eqs. (2.20), (4.7)–(4.10) to derive eq. (4.15) from eq. (4.14).



















[− 384πk¯ izlk¯ jlz¯ Czjz¯i − 192πk¯ izlk¯ jlz¯ k¯zjkk¯ kz¯i ]+ . . . (4.17)
Recall that F1 and F2 can be derived from the entropy of M1 and M2, respectively.














= −192k¯ izlk¯ jlz¯ Czjz¯i − 96k¯ izlk¯ jlz¯ k¯zjkk¯ kz¯i . (4.19)
Now we can obtain F1 = FW1 + FA1 and F2 = FW2 + FA2 from

















comments. Firstly, we have used the splittings eqs. (2.20), (2.21), which implies that
we require that our action has an asymptotically AdS solution. Secondly, our results
eqs. (4.12), (4.13), (4.18), (4.19) are consistent with those of [37, 38]. We have shown
above that our results agree with the field theoretical results eqs. (1.6), (1.7) when the
extrinsic curvature vanishes [37]. As for the case of non-zero extrinsic curvature, let us





3 in flat space as eq. (1.9). For simplicity Safdi takes vanishing extrinsic
curvature in the time-like direction. In our notation, we have kzij = kz¯ij =
1
2kij . Since
now we do not know F3, we set B3 = 0, B1 = 2B2 for simplicity (We leave the derivation
of F3 to the next subsection). Note also that we have Cijkl = 0 in flat space. Take all the





2)2 − 2trk¯4] (4.20)





ously conformal invariant. That is because, similar to Cijkl, k¯aij are conformal tensors.
In other words, we have gij → e2σgij , Cijkl → Cijkl and k¯aij → eσk¯aij under conformal
transformations. To end this section, we rewrite F1 and F2 in covariant expressions
F1 = 3
(


























































In this subsection, we derive the universal terms of EE for 6d CFTs dual to Einstein gravity.
Using the result of this sub-section together with F1 and F2, we can derive F3.













































































Here we have used
(1)
Xi = 18k





idxj = dzdz¯ + T (z¯dz − zdz¯)2 + 2iViˆ(z¯dz − zdz¯)dyiˆ
+(giˆjˆ +Qiˆjˆ)dy
iˆdyjˆ , (4.25)














a1 . . . xan = −2xakaiˆjˆ + xaxbQabˆijˆ + . . . (4.26)
Here xa denote z, z¯ and yiˆ are coordinates on the four-dimensional entangling surface Σ.








gij ∼ O(xa) and thus can be ignored on the entangling
surface (xa = 0). It should be mentioned that, by choosing suitable coordinates, we can
alway write the metric in the form of eq. (4.25) [10]. Note also that the extrinsic curvature
in this subsection (Schwimmer-Theisen notation [46]) is different from the one of other
sections (Dong’s notation [10]) by a minus sign.





















h iˆjˆ given by
(2)











































































































Let us try to simplify the above formula. Focus on the
(2)
Xm terms which are relevant to






























































































where γ lˆmˆnˆ and Diˆ are the Levi-Civita connection and covariant derivatives on the entan-















Now it is clear that we can drop
(2)
X safely on closed entangling surfaces. Thus eq. (4.28)
















































where ∇i are the covariant derivatives with respect to (0)gmn. From eqs. (4.24), (4.31), we
can derive the logarithm term of EE for CFTs dual to Einstein gravity as




















































g can be found in eqs. (3.2), (3.3) with k1 = k2 = 0. After some
complicated calculations, we find that eq. (4.32) is conformal invariant up to some total
derivatives. This can be regarded as a check of eq. (4.32). Please refer to appendix B for
the proof of the conformal invariance of eq. (4.32). Using eq. (4.32) together with F1 and
F2 of section 2.2.1, we can derive F3.












































This is one of our main results. Now let us consider some special cases below.
Case I: kaij = 0,























































ε˜ij ε˜kl denote the Wald entropy eqs. (1.6), (1.7), (1.8). Bn and A are
the central charges of CFTs dual to Einstein gravity, which can be found in eq. (4.5) with
λ = 0. ∆S is the famous HMS mismatch [37], which was firstly found by Hung, Myers and
Smolkin that the holographic universal terms of EE does not match the CFT ones even
for entangling surface with zero extrinsic curvature. Recently, the authors of [12] find that
HMS have ignored the anomaly-like entropy of I3. Taking into account such contributions,




































Note that the first two lines of eq. (4.35) was derived by HMS [37] under the conditions
kaij = 0 and Rabci = 3ǫabVci = 0. If we drop the second condition, we get some new terms























2 − 16kakaiˆjˆkbkbˆijˆ ] (4.36)
In the above derivations, we have used the flat condition Raibj = 0. For simplicity, we set























2 − 16kakaiˆjˆkbkbˆijˆ)− 192π2E4 + 12F1 + 3F2 (4.38)






























F2 = −6k¯ ial k¯alj k¯bjkk¯b ki + 6ε˜abk¯ ila k¯ jbl ε˜cdk¯cjkk¯ kd i (4.39)






















Eqs. (4.38), (4.39) apply to the case with flat space-time on the boundary. This is also
the case studied in [38]. Recall that the author of [38] makes two further assumptions [38].




3 . And the second assumption is zero extrinsic curvature in the


















where the definitions of Tn can be found in eq. (1.10). Note that eq. (4.40) reduces to the




3 . This is a non-trivial check of our results.
4.2 Logarithmic terms of EE from a general action
In this sub-section, we investigate the universal terms of EE by using the general higher
curvature gravity. We prove that it yields the same results as the above section. Our main
method is the background-field approach developed in [36]. For simplicity, we focus on the
action without the derivatives of the curvature S(Gˆµν , Rˆµνσρ). Besides, we assume this
action has an asymptotically AdS solution.
We firstly expand the action around a referenced curvature R¯µνρσ = −(GˆµρGˆνσ −
GˆµσGˆνρ). According to [36], only the first few terms are relevant to the holographic Weyl
anomaly and the logarithmic term of EE. We have

















































i are some constants determined by the action and mn is the number of inde-
pendent scalars constructed from appropriate contractions of n curvature tensors. For




i |[Rˆ→(Rˆ−R¯)] with Kni the independent scalars


















. . . (4.42)
For simplicity, we focus on the case with c21 = 0 in this paper. Without loss of generality,























Please refer to eq. (4.2) and eq. (4.3) for the defination ofMn and R˜, respectively. According
to [36], the Weyl anomaly of dual CFTs is 〈T ii 〉 =
∑3
n=1Bn In+2AE6 with central charges
given by eq. (4.5)
A = π3,
B1 = − 1
16
+ λ1,







Remarkably, the CFTs dual to the gravitational theories eq. (4.1) and eq. (4.43) have
exactly the same central charges. This means that they must have the same universal




νρσβ in the action eq. (4.43) can not
contribute to universal terms of EE in order to be consistent with the results of section
4.1.1 and section 4.1.2.





νρσβ is indeed irrelevant to the universal terms of EE. However, mismatches
come from the anomaly-like entropy if we choose Q0zz¯ij and T0 to be zero as in the original
work of [10]. This implies that the splittings of the conical metric eq. (2.12) are necessary.




















aimK jam −KaKaij−Qaija )
]
+ . . .
= 0 log(l/δ) + . . . (4.45)
where ‘. . . ’ denotes terms irrelevant to the logarithmic terms of EE. In the above derivations,
we have used the splittings eqs. (2.20), (2.21) and the fact that only the trK4 and (trK2)2





νρσβ indeed do not contribute to the logarithmic terms.
So the higher curvature gravity with c21 = 0 gives the same universal terms of EE as those
of section 4.1.1 and section 4.1.2. As for the case with c21 non-zero, the calculation is quite
complicated. But there is no indication that this case would give a different result. We
leave the check of this case as an exercise for the readers. Finally, it should be mentioned
that, in addition to equations of motion, eq. (4.45) can be regarded as another derivation
of the splittings eqs. (2.20), (2.21). That is because different higher curvature gravity
must give the same formula of universal terms of EE. Therefore, the logarithmic terms of
eq. (4.45) must be zero.
5 Field theoretical method
In this section, we compute the universal terms of EE by using the field theoretical method
and then compare with the holographic results. Similar to the bulk case, we meet the

















boundary, we assume the most general expressions. We find that there indeed exists suitable
splittings which could make the holographic and the field theoretical results match.
Recall that Weyl anomaly for 6d CFTs is given by
〈T ii 〉 =
3∑
n=1
Bn In + 2AE6, (5.1)
where E6 is the Euler density and Ii are conformal invariants defined by
I1 = CkijlC















In the field theoretical approach, one can derive the universal terms of EE from the Weyl
anomaly. Take the Weyl anomaly as a gravitational action and then calculate the ‘entropy’
of this ‘action’. It turns out that this ‘entropy’ equals to the logarithmic term of EE for
CFTs [35, 37].
5.1 F1 and F2
Let us firstly study the case of F1 and F2. We find that the field theoretical results exactly
match the holographic ones for the C2 and Ck2 terms. As for the k4 terms, one meet with
the splitting problem for q0zz¯ij and t0. Since now we do not know how to fix the splitting




q0 zz¯ij = (x1kzimk
m
z¯ j + x2 gijkzmnk
mn
z¯ + y1kzkz¯ij + y2 gijkzkz¯) + c.c. (5.4)
Recall that, in section4.1.1, we have already proved that the field theoretical results match
the holographic ones for Wald entropy (C2 terms), so we focus on the anomaly-like entropy
below.









imjn − 12πk¯zij k¯z¯mnCimjn0
−96πk¯mzi k¯z¯mjCijzz¯ + 48πk¯mzi k¯z¯mjCij0 zz¯
96πk¯zmnk¯
mn
z¯ Czz¯zz¯ − 48πk¯zmnk¯ mnz¯ C0 zz¯zz¯
]
(5.5)
where k¯aij is the traceless part of the extrinsic curvature and C0 ∼ k2 is defined in the
appendix. C. Comparing eq. (5.5) with eq. (4.18), we find that the Ck2 terms match
exactly. If we require that the k4 terms also match, we get a unique solution to eq. (5.4)
x1 = 1, x2 =
1
4
− 6z1, y1 = 0, y2 = − 1
16
− 6z2 (5.6)

























where C0 ∼ k2 is given by eq. (C.3). Similar to the case of I1, the Ck2 terms of eq. (4.19)
and eq. (5.7) match exactly. The k4 terms also match if we impose the condition eq. (5.6).
This is a non-trivial self-consistent testing of the splittings eq. (5.6) on the boundary. Note
that comparing the holographic results and the field theoretical results for F1 and F2 does
not fix z1, z2.
To end this section, we show some details of the derivation of eq. (5.6). For simplicity,
we focus on the case of vanishing extrinsic curvature in the time-like direction (one can
check that the general case gives the same results). Then we can replace kaij by
1
2kij . From









3π[B1(x1 − 2)− 4B2x1]trk4 − 3π
2












π[B1(−79 + 3x1 − 28x2 − 32y1 + 112y2 − 168z1 + 672z2)
−4B2(29 + 7x1 − 12x2 − 48y1 + 48y2 − 72z1 + 288z2)]k2trk2
]
(5.8)
For 6d CFTs with B3 = 0, the holographic k





































Compare eq. (5.8) with eq. (5.9), we find a unique solution
x1 = 1, x2 =
1
4
− 6z1, y1 = 0, y2 = − 1
16
− 6z2 (5.10)
Note that B1 and B2 are independent central charges, so there are ten equations (5.8) for
six unkown parameters. Thus it is really non-trivial that we have consistent solutions.
5.2 F3
Now let us go on to study the F3 term. In section 4.1.2, we have discussed the holographic
F3 for two interesting cases. In this first case we set kaij = 0 and derive the C
2 terms of
F3 eq. (4.34). And in the second case, we focus on the flat boundary spacetime and obtain
the k4 terms of F3 eqs. (4.34), (4.40). In this section, we calculate the corresponding field
theoretical results and compare with the holographic ones. We find that the C2 terms of
F3 indeed match. This can be regarded as a resolution of the HMS puzzle [12, 37]. While
for the k4 terms, we have to deal with the splitting problem. We assume eqs. (5.4), (5.6)

















Case I: kaij = 0. Let us firstly investigate the case with zero extrinsic curvature. It
is found by HMS [37] that there are mismatches between the holographic and the field
theoretical universal terms of EE even for the entangling surfaces with zero extrinsic cur-
vature. Recently, the authors of [12] find that HMS have ignored the anomaly-like entropy
from the Weyl anomaly I3. After taking into account this contribution, the holographic
and CFT universal terms of EE indeed match [12]. For simplicity [12, 37] both focus
on the cases with kaij = 0 and Rabci = 3ǫabVci = 0. Here we drop the second constraint
Rabci = 3ǫabVci = 0 and check if the holographic and the field theoretical results still match.
We only need to compare ∆S eq. (4.35) with the anomaly-like entropy from I3. That is
because the anomaly-like entropy of I1 and I2 vanishes for kaij = 0. Note further that the
anomaly-like entropy of I3 only comes form CijklC
ijkl ∼= −∇mCijkl∇mCijkl for the case
of zero extrinsic curvature.
When the extrinsic curvature vanishes, the splitting problem disappears and the



































where Q, V are defined in the conical metric
ds2 = e2A[dzdz¯ + e2AT (z¯dz − zdz¯)2] + 2ie2AVi(z¯dz − zdz¯)dyi
+(hij +Qij)dy
idyj . (5.12)
Here A = − ǫ2 lg(zz¯ + b2) is regularized warp factor and Vi, Qij are defined as























It should be mentioned that the total entropy of CijklC
ijkl vanishes by using the approach
of [10, 12].










which is exactly the same as eq. (5.14). Thus the holographic and the field theoretical



















gij. Now let us go on to study the case with flat spacetime on the boundary.






h0 [ 6π(T3 + 9T1 − 12T2) ] , (5.16)
with
T1 = (trk¯
2)2, T2 = trk¯
4, T3 = (∇ak)2 − 25
16
k4 + 11k2trk2 − 6(trk2)2 − 16ktrk3 + 12trk4.
(5.17)
Applying the method developed in [10, 12] together with the splittings eqs. (5.4), (5.6),
we can derive 2πF3 as the entropy of I3. We list the results below.

















which agrees with the holographic result eq. (5.16) with kiˆ
jˆ
= diag{1, 0, 0, 0}.
















which matches the holographic result eq. (5.16) with kiˆ
jˆ
= diag{1, 1, 0, 0}.










4, we get the










which is consistent with the holographic result eq. (5.16) with kiˆ
jˆ
= diag{1, 1, 1, 0}.













4), we have the entropy of I3
SIV |log = 0, (5.21)
which also agrees with the holographic result eq. (5.16) with kiˆ
jˆ
= diag{1, 1, 1, 1}.
Now it is clear that the splittings eq. (5.4), (5.6) have passed the F3 test. Remarkably,
we cannot fix the splittings completely by comparing the holographic and field theoretical
universal terms of EE. It seems that we have more than one way to split the conical metrics


















We have investigated the universal terms of EE for 6d CFTs by applying holographic and
the field theoretical methods, respectively. Our results agree with those of [37, 38]. We find
the holographic and the field theoretical results match for the C2 and Ck2 terms. While
for the k4 terms, we meet the splitting problem for the conical metrics. We fix the splitting
problem in the bulk by using two different methods. The first one is by using equations of
motion and second one is requiring that all the higher derivative theories of gravity yield the
same logarithmic terms of EE. These two methods give consistent results for the splitting in
the bulk. As for the splitting on the boundary, we assume the general forms and find there
indeed exists suitable splitting which can make the holographic and CFT k4 terms match.
Since we have much more equations than the free parameters, this match is non-trivial.
Remarkably, we can not fix the splitting on the boundary completely by comparing the
holographic and field theoretical results. It seems that we have some freedom to split the
conical metrics on the boundary and such freedom does not affect the universal terms of
EE for CFTs. That is not surprising, since the terms (Weyl anmoly) we studied are quite
special. Actually, for Lovelock gravity, arbitrary splitting would not affect the entropy.
How to fix the splitting problem on the boundary is an interesting problem. For the cases
with gravity duals, we could obtain the conical metrics on the boundary from the one in the
bulk. While for the general cases, now it is not clear to us how to fix this problem. We hope
to address this problem in future. Finally, we want to point out how much our holographic
results Fi eqs. (4.21), (4.22), (4.33) depend on the splittings. It turns out that that the
combinations (F3 − 3F2 − 12F1) and (2F1 + F2) are independent of the splittings, due to
the fact that they can be derived from the holographic entanglement entropy of Einstein
gravity and Lovelock gravity which are irrelevant to the splittings. In other words, our





Without loss of generality, we choose F2 as the third independent combination of Fi. As
mentioned above, the splitting problem does not affect the C2 and Ck2 terms. Thus, only
the k4 terms of F2 are relevant to the splitting problem.
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A Universal relations from extremal entropy condition
In this section, we derive the universal identity eq. (3.10) by taking the variation of the
entropy functional. For simplicty, we focus on Einstein gravity in asymptotically AdS


























Xi(yjˆ)τ2 + . . . (A.1)









































2 + . . .
)
, (A.3)
where we only list terms including
( d−22 )
Xi in the above equations. Remarkably, only
the lineared terms of
( d−22 )


















































+ . . .
(A.4)
where ′ . . .′ denote terms without
( d−22 )
Xi . Taking the variation of
( d−22 )


























where γ lˆmˆnˆ and Γ
j




g ij , respectively.
Now we finish the derivations of eq. (3.10) from the extremal entropy condition. Al-
though we only studied the case of Einstein gravity , similar to
(1)
g ij eq. (3.2) it is expected
that our approaches and conclusions of this section can be generalized to the general higher
derivative gravity, due to the fact that the universal relation eq. (3.10) can be derived from
PBH transformation [46]. This means that, at the leading order, the asymptotic symmetry
forces that the extremal entropy surface (bulk entangling surface ) approaches the minimal
area surface near the AdS boundary. Of course, they can be different at the subleading
orders near the AdS boundary, since
(n)
X i with n ≥ 2 are non-universal. Fortunately, we do
not need
(n)
X i with n ≥ 2 for the derivations of universal terms of EE for 4d and 6d CFTs,
similar to the case that we do not need
(n)
g ij with n ≥ 2 for the calculations of holographic
Weyl anomaly for 4d and 6d CFTs [36].
B The conformal invariance of F3
In this section, we prove that the logarithmic terms of EE for Einstein gravity SE eq. (4.32)

















F1, F2, E4. Thus, equivalently, we shall prove F3 is conformal invariant. For simplicity, we
focus on the infinitesimal conformal transformations. According to [47], we have
δ
(0)





g ij = ∇i∇jσ
δ
(2)


















δkmij = −hij g˜⊥mn∇nσ
δkm = −2σkm − 4g˜⊥mn∇nσ
δΓmij = δ
m
i ∇jσ + δmj ∇iσ −
(0)
g ij∇mσ









Substituting eqs. (B.1), (B.2) into eq. (4.32), we get

































































Let us try to simplify the above complicated results. The trick is to replace the covariant
derivative ∇i with respect to (0)g ij by the intrinsic covariant derivative Di with respect to
hij as much as possible. Besides, we find the following formulas are useful:
hmi h
n
j∇mVn = Di(hnj Vn)− kmijVm
hmi h
n
j∇m∇nσ = DiDjσ − kmij∇mσ












hijkm∇i∇m∇jσ = Di(hjikm∇m∇jσ)− kmkn∇i∇jσ − hij∇ikm∇m∇jσ (B.4)
Applying the above formulas, we can simplify δσSE as









































which are just total derivatives. Now it is clear that SE eq. (4.32) and thus F3 eq. (4.33)
are conformal invariant up to some total derivatives.
C Weyl tensor
The Weyl tensor in D-dimensional spacetime is defined as
Cµνρσ = Rµνρσ − 2
D − 2(gµ[ρRσ]ν − gν[ρRσ]µ) +
2
(D − 1)(D − 2)R gµ[ρgσ]ν . (C.1)
Here we list some useful formulas.
Czz¯zz¯ = e
4AC1 zz¯zz¯ + e
2AC0 zz¯zz¯,





z¯ −Q0 zz¯mm + 6T0
]
− 1
4(D − 1)(D − 2)(3KcmnK
cmn −KcKc − 2Q c m0c m + 24T0) (C.2)
Cziz¯j = e
2AC1 ziz¯j + C0 ziz¯j ,
C0 ziz¯j = KzjlK
l











Q c0 cij + gij(KzmnK
mn




2(D − 1)(D − 2)gij(3KcmnK
cmn −KcKc − 2Q c m0c m + 24T0) (C.3)
Cikjl = C1 ikjl + e
−2AC0 ikjl,










(D − 1)(D − 2)gi[jgl]k(3KcmnK
cmn −KcKc − 2Q c m0c m + 24T0) (C.4)
R0 ij = 2KaimK
am
j −KaKaij −Qa0aij (C.5)
Let us focus on the case of [38] with Kaij =
1
2kij , Q0 zz¯ij =
1





mn + k2 − 3q)− 9
5
t0









mn − 2k2 + q)− 9
10
t0gij







r0 ij = 2kimk
m
j − kkij − qij (C.6)
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